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Abstract
A comparison between polarization-transfer to a bound proton in quasi-free kinematics by the A(~e, e′~p) knockout reaction
and that in elastic scattering off a free proton can provide information on the characteristics of the bound proton. In the
past the reported measurements have been compared to those of a free proton with zero initial momentum. We introduce,
for the first time, expressions for the polarization-transfer components when the proton is initially in motion and compare
them to the 2H data measured at the Mainz Microtron (MAMI). We show the ratios of the transverse (Px) and longitudinal
(Pz) components of the polarization transfer in 2H(~e, e′~p)n, to those of elastic scattering off a “moving proton”, assuming the
proton’s initial (Fermi-motion) momentum equals the negative missing momentum in the measured reaction. We found that
the correction due to the proton motion is up to 20% at high missing momentum. However the effect on the double ratio
(Px/Pz)
A
(Px/Pz)
1H is largely canceled out, as shown for both
2H and 12C data. This implies that the difference between the resting-
and the moving-proton kinematics is not the primary cause for the deviations between quasi-elastic and elastic scattering
reported previously.
1. Introduction
Polarization transfer from a polarized electron to a pro-
ton in an elastic scattering reaction has become a recog-
nized method to measure the ratio of the proton’s elastic
electromagnetic form factors GE/GM [1–9]. For a proton
initially at rest, assuming the one-photon exchange approx-
imation, the ratio of the transverse (Px) to longitudinal
(Pz) polarization-transfer components, with respect to the
momentum transfer ~q, is proportional to GE/GM [10]:(
Px
Pz
)
H
= − 2M
(k0 + k′0) tan(θk,k′/2)
GE
GM
, (1)
where k0, k ′0 are respectively the initial and final electron
energies, θk,k′ is the electron scattering angle in the lab
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frame, and M is the proton’s mass. This provides a direct
measurement of the form factor (FF) ratio and eliminates
many systematic uncertainties [11].
Measuring the ratio of the components of the polarization
transfer to a knock-out proton in quasi-free kinematics on
nuclei, which is sensitive to the electromagnetic FF ratio,
has been suggested as a method to study differences be-
tween free and bound protons [4, 5]. As such it can be used
as a tool to identify medium modifications in the bound
proton’s internal structure [12], reflected in the FFs and
thereby in the polarization transfer. Deviations between
polarization ratios in quasi-free and elastic scattering can be
interpreted only with realistic calculations of the nuclear ef-
fects, such as final state interactions (FSI), meson exchange
currents (MEC), isobar currents (IC), and relativistic cor-
rections on the outgoing proton polarization components
[13–15]. However, a comparison to the polarization transfer
on a free proton should also consider the Fermi motion of
the struck proton, rather than comparing to a reaction with
the proton at rest.
Preprint submitted to Physics Letters B April 17, 2019
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Polarization-transfer experiments have been carried out
recently on 2H and 12C target nuclei at the Mainz Microtron
(MAMI) [13, 14, 16], as well as on 2H, 4He and 16O at Jef-
ferson Lab [17–21], in search of medium modification in the
bound proton’s internal structure. In particular, these ex-
periments were performed to study deeply bound nucleons,
characterized by high missing momentum, which is equiv-
alent (neglecting FSI) to protons with high initial momen-
tum. It was shown in [13, 14] that for 2H at low momentum
transfer2, the deviations can be explained by nuclear effects
without the necessity of introducing modified FFs. In these
experiments, the comparison to the free proton was done
either by measurements of the polarization transfer ratio to
1H at similar kinematics [17, 18], or by calculations using
Eq. 1 and a fit to the world data of proton FFs [11, 22],
which were used in [13, 14, 16].
Kinematically, quasi-elastic scattering differs from elastic
scattering in that the bound proton is off -shell, and in that
it moves relative to the nucleus with Fermi motion. How-
ever, using Eq. 1 to calculate the polarization ratio is only
valid if the proton is both on-shell and at rest.
In this work we introduce an alternative approach: com-
paring the polarization transfer in quasi-free scattering to
that of a free proton (on-shell) with a finite initial momen-
tum. The general expressions for polarization transfer to a
free moving proton have been developed. We applied this
prescription to the 2H and 12C data measured at MAMI
over relatively large missing momentum ranges. The elastic
kinematics are described in Section 2, while the polarization
transfer formulae are given in Section 3. The application of
this prescription to MAMI data is shown in Section 4.
2. Kinematics
The kinematics are defined by an electron with initial
four-momentum k scattering off a proton with initial four-
momentum p, through exchange of a virtual photon with
four-momentum q, resulting in the two particles having final
four-momenta k′ and p′ respectively.
The final momenta of the proton and electron, ~p ′ and
~k ′, are measured in the spectrometers. The “missing mo-
mentum”, defined as ~pmiss = ~q − ~p ′, is calculated using the
momentum transfer defined by ~q = ~k − ~k ′. In the absence
of FSI, the initial proton momentum is given by the miss-
ing momentum, ~p = −~pmiss. By convention, the missing
momentum is considered positive (negative) if ~pmiss · ~q is
positive (negative).
These measured kinematics are shown in the top diagram
in Figure 1, and are compared, in the middle and bottom
diagrams, to the kinematics of elastic scattering off a proton
initially at rest, and off a proton with initial momentum
~p = −~pmiss, respectively.
Each measured quasi-elastic event is compared to an elas-
tic event that has the same incident energy (k0), the same
magnitude of the four-momentum transfer (Q2 = −q2) and
2These data were taken at Q2 = 0.18 and 0.4 (GeV/c)2.
the same initial proton momentum (~p) as the measured
quasi-elastic event. Also, the struck proton is on-shell in
its initial and final state in the elastic event3. These cri-
teria uniquely define a set of kinematics, here referred to
as “moving-proton” kinematics. We use a subscript “M ” to
distinguish between the kinematic variables in the moving-
proton kinematics from the measured quantities.
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Figure 1: The measured kinematics for a sample QE event (top) com-
pared to the resting (middle) and moving (bottom) elastic kinematics.
In the middle and bottom plots, the solid lines show the free-proton
kinematics and the dashed lines show the measured kinematics. In
the middle plot, the initial momentum of the proton is zero. In the
bottom plot, the proton’s initial momentum is the negative missing
momentum, which neglecting FSI, is equal to the bound proton’s ini-
tial momentum ~p in the top plot. The transformation from the mea-
sured kinematics to the moving free-proton kinematics causes smaller
changes to the magnitudes of the vectors ~k, ~k ′, ~q and ~p ′, and the
angles between them, than the transformation to resting free-proton
kinematics.
In the standard coordinate system for polarization trans-
fer, where ~q || zˆ and the scattering is in the xz plane, the
moving-proton kinematics are4:
pM = (p0M , px, py, pz) , (2)
kM =
(
k0,
Q
√
4k0(k0 − ωM )−Q2
2qzM
, 0,
2k0ωM +Q
2
2qzM
)
,
(3)
p′M = pM + qM , (4)
3This is equivalent to the Bjorken condition,
[
Q2
2p·q
]
M
= 1.
4For the derivation, see the supplementary material.
2
and
k′M = kM − qM , (5)
where
qM = (ωM , 0, 0, qzM ) , (6)
ωM =
Q2p0M + pzQ
√
4E2pt +Q
2
2E2pt
, (7)
and
qzM =
√
Q2 + ω2M , (8)
using p0M and Ept as shorthand for
√
M2 + |~p|2 and√
M2 + p2x + p
2
y, respectively. Note that px, py and pz are
the coordinates of ~p = −~pmiss in the ~q || zˆ coordinate system.
In previous publications [13, 14, 16], we used a different
type of free-proton kinematics (“resting proton”, denoted
with a subscript “R” in Fig. 1 and elsewhere in this paper)
where instead of having the same ~p as in the measured kine-
matics, we had ~pR = ~0. The resting-proton kinematics may
therefore be evaluated by substituting ~p = 0 in Eqs. 2-8.
3. Polarization transfer
The general expressions for the polarization transfer from
a longitudinally polarized electron to an initially moving
nucleon with momentum ~p in the scattering plane are pre-
sented below, with more details in [23]:
Px = −CPGM (GE(α`x − β`x) +GMβ`x) , (9)
Pz = −CPGM (GE(α`z − β`z) +GMβ`z) , (10)
where
CP =
2
(1 + τ)M2Σ0
, (11)
Σ0 = (G
2
E + τG
2
M )
(
(K · p)2
M2Q2(1 + τ)
− 1
)
+ 2τG2M , (12)
α`x =
1 + τ
2
(
px
p′0 +M
(
MK0 + 2p · k − Q
2
2
)
−MKx
)
,
(13)
β`x =
−1
4M2
(
2k · p− Q
2
2
)
px
p′0 +M
(
Mω − Q
2
2
)
, (14)
α`z =
1 + τ
2
(
pz + qz
p′0 +M
(
MK0 + 2p · k − Q
2
2
)
−MKz
)
,
(15)
and
β`z =
−1
4M2
(
2k · p− Q
2
2
)(
pz + qz
p′0 +M
(
Mω − Q
2
2
)
−Mqz
)
,
(16)
using τ = Q
2
4M2 and K = k + k
′. The factors of −CPGM in
Eq. 9 and 10 cancel out in the ratio:
Px
Pz
=
GE(α`x − β`x) +GMβ`x
GE(α`z − β`z) +GMβ`z . (17)
Equation 17 reduces to Equation 1 if the proton is ini-
tially at rest. It should be noted that the formulae in this
section are only valid for elastic scattering in the one-photon
approximation.
4. Application to MAMI A(~e, e′~p) data
Polarization-transfer measurements on 2H and 12C have
been carried out at MAMI [24, 25] at momentum transfers
of Q2 = 0.18 and 0.40 (GeV/c)2 [13, 14, 16]. The kinematic
settings of the measurements are given in Tables 1 and 2
of the supplemental material. The double ratios (Px/Pz)
A
(Px/Pz)
1H
were presented for both nuclei as functions of the struck pro-
ton’s virtuality (“off-shellness”), ν ≡ (p′ − q)2 −M2, which
proved to be a useful parameter for a unified description
of the deviation of the bound proton from a free one. In
addition, Ref. [14] presents the ratios (Px)
A
(Px)
1H
and (Pz)
A
(Pz)
1H
for
the deuteron data, and showed that they were in agreement
with the theoretical calculation, indicating that the devia-
tions from the free proton were primarily due to FSI.
Applying the moving-proton prescription to the deuteron
data [13, 14], we notice a good correspondence between the
measured and evaluated kinematic variables in the left side
of Fig. 2. These differences are much smaller than those
between the resting-proton kinematics and the measured
kinematics, shown on the right side of Fig. 2.
3
400 500 600
measured k ′ [MeV/c]
400
500
600
k′
M
 [M
eV
/c
] e  momentum
Set. A
Set. B
Set. D
400 500 600
measured k ′ [MeV/c]
400
500
600
k′
R
 [M
eV
/c
] e  momentum
40 60 80 100
measured e [deg]
40
60
80
100
eM
 [d
eg
]
e  angle
40 60 80 100
measured e [deg]
40
60
80
100
eR
 [d
eg
]
e  angle
400 600 800
measured p′ [MeV/c]
400
600
800
p′
M
 [M
eV
/c
] p momentum
400 600 800
measured p′ [MeV/c]
400
600
800
p′
R
 [M
eV
/c
] p momentum
60 40 20
measured p [deg]
60
40
20
pM
 [d
eg
]
p angle
60 40 20
measured p [deg]
60
40
20
pR
 [d
eg
]
p angle
  Moving Proton                Resting Proton
Figure 2: Comparison of the kinematic variables measured for 2H
in [13, 14] (x-axis) to those in the moving-proton (left) and resting-
proton (right) prescriptions (y-axis). The different colors represent
different kinematic settings. The variables, from top to bottom, are
the momentum and angle of the scattered electron (k′ and θe), and
those of the recoiling proton (p′ and θp). The two angles are measured
relative to the beam ~k. These variables were selected because they are
the ones that are directly measured in the experiment.
The differences between the measured and the resting-
proton kinematics are more pronounced for settings B and
D than in setting A, due to larger |~pmiss| and virtuality in
the former.
There are larger differences between the moving-proton
kinematics and the measured kinematics in the 12C data
[16], as shown in the supplementary material, due to the
larger Fermi motion in the carbon nucleus. However, they
are still much smaller than the difference between the
resting-proton kinematics and the measured kinematics.
In Figure 3, we compare the polarization-transfer com-
ponents calculated for the resting- and the moving-
proton kinematics. We show in this figure the
ratios (Px)
1H
moving/(Px)
1H
resting, (Pz)
1H
moving/(Pz)
1H
resting, and
(Px/Pz)
1H
moving/(Px/Pz)
1H
resting, as calculated for the kinemat-
ics of the 2H events in Ref. [13]. The difference between
resting and moving for the individual components is small
around ν = 0, and it increases up to 20% (15%) at large
virtuality5 with negative (positive) pmiss. The difference be-
5This is expected, since the |~pmiss| is near zero at small ν and in-
tween moving and resting in the ratio Px/Pz is small: up
to 3% for pmiss < 0 and up to 10% at pmiss > 0.
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Figure 3: Ratios of Px, Pz and Px/Pz for moving free protons to
those for free resting protons, using the kinematics derived from mea-
sured events in 2H(~e, e′~p)n reactions reported in [14]. Different colors
represent different kinematic setups. See [13, 14] for details.
The ratios of the polarization observables measured for
the deuteron to the values calculated event-by-event for a
moving proton using Equations 9 and 10 are shown in Fig-
ure 4. These are contrasted with the corresponding ratios
for the resting proton, which were reported in [14]. The
double ratio (Px/Pz)
2H
(Px/Pz)
1H , calculated event-by-event, is also
presented in Fig. 4, using a procedure described in detail
in the supplementary material. As expected from Fig. 3,
the moving effect on the double ratio is small.
A good agreement was found between the double ratios
(Px/Pz)
A
(Px/Pz)
1H measured for
12C and 2H as functions of virtual-
ity using resting-proton kinematics [16]. In order to test if
this agreement is preserved using moving-proton kinemat-
ics, we calculated the double ratios for the 12C datasets
from MAMI [16] in the same manner as for 2H. The double
ratios for the two nuclei are compared with one another in
Figure 5, showing that the good agreement is maintained.
5. Conclusions
We observe that using the moving-proton kinematics de-
scribed in this paper reduces, but does not eliminate, the
difference between measured components of the polarization
creases monotonically with ν for any given target and residual nuclear
masses.
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Figure 4: The measured ratios, (Px)
2H/(Px)
1H and (Pz)
2H/(Pz)
1H
and the double ratio (Px/Pz)
2H/(Px/Pz)
1H, usingmoving free-proton
in the denominator are shown as functions of the proton virtuality, ν
(filled colored symbols). These are compared to the same ratios with
resting free-proton kinematics (grey open symbols) from [14]. The
virtuality dependence is shown separately for positive and negative
missing momenta. The different symbols and colors for the data of
this work correspond to the different kinematical settings.
transfer in quasi-free scattering and those in elastic scatter-
ing. The deviations from the free-proton in the transverse
(Px) component become smaller (around 7%) when using
the moving kinematics. Similarly, the deviations in the lon-
gitudinal (Pz) component are reduced, but remain signifi-
cantly large, up to 50% (Fig. 4). Since using the moving
proton kinematics has a similar effect on both components,
the effect on the double ratio largely cancels out. Thus
the double ratio is less sensitive to the kinematics than the
separate components. This implies that the choice of elas-
tic kinematics is not the primary cause of the deviations in
Px/Pz between quasi-free and elastic scattering.
It was previously noted that the virtuality is a useful
parameter for comparing the double ratio (Px/Pz)
A
(Px/Pz)
1H of dif-
ferent nuclei at different Q2. Here we show that the double
ratio has only a weak sensitivity to the initial momentum
of the proton, which continues to make the double ratio
a preferred observable for studying the differences between
bound and free protons.
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Abstract
We provide in this supplement the derivation of the “moving” free-proton kinematics which we use in the paper to calculate
the free-proton polarizations to compare our data with. We also provide the kinematics and details of the experimental
set-ups, a comparison of the measured and elastic kinematics for the 12C data, and information about the extraction of the
polarization ratios.
1. Derivation of moving proton kinematics
Our goal here is to find a set of elastic ep → e′p′ kine-
matics with the same initial electron energy k0, momen-
tum transfer invariant Q2 = −(k − k′)2, and initial proton
momentum ~p as in the measured quasi-free scattering re-
action. Here we assume there are no final-state interations
(FSI) and therefore ~p = ~p ′ − ~q = −~pmiss. By definition, in
the elastic kinematics, both the proton and the electron are
on-shell in their initial and final states.
The initial and final electron four-momenta are denoted
k and k′, while the initial and final proton momenta are
denoted p and p′. The momentum transfer is denoted by
q = k−k′ which, due to conservation of momentum, is also
equal to p′ − p. Quantities without subscripts are from the
measured kinematics. A subscriptM denotes the quantities
in the free moving-proton kinematics.
In this derivation, the electron mass is neglected, and the
coordinate system is chosen so that the momentum transfer
~q is in the z direction and that ~k−(~k·zˆ)zˆ is in the x direction
and the y direction is perpendicular to both x and z.
First we note that the four momentum of the initial
∗Corresponding author
Email address: sebouh.paul@gmail.com (S. Paul)
1Present address: MIT-LNS, Cambridge, MA 02139, USA.
on-shell proton is trivially derived by taking the four-
momentum from the measured event and adjusting its en-
ergy to put it on-shell:
pM = (p0M , px, py, pz) , (1)
where p0M =
√
M2 + |~p|2 and M is proton mass. The
final proton momentum is determined by the conservation
of four-momentum:
p′M = (p0M + ωM , px, py, pz + qzM ) , (2)
where qzM and ωM , are the space-like and time-like compo-
nents of the four-momentum transfer, qM . We begin solving
for these using the Bjorken condition:
1 =
Q2M
2pM · qM , (3)
or equivalently,
0 = 2pM · qM −Q2 (4)
= 2p0MωM − 2pzqzM −Q2. (5)
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Substituting qzM =
√
Q2 + ω2M yields
0 = 2ωMp0M − 2pz
√
Q2 + ω2M −Q2. (6)
Solving Eq. 6 for ωM yields:
ωM =
Q2p0M + pzQ
√
4E2pt +Q
2
2E2pt
, (7)
where Ept is defined as
√
M2 + p2x + p
2
y. In the coordinate
system we have chosen, the lepton kinematics must be of
the form:
kM = (k0, kxM , 0, kzM ), (8)
and
k′M = (k0 − ωM , kxM , 0, kzM − qzM ), (9)
using the same ωM and qzM previously solved for. We have
already chosen to make k0M = k0. First, we enforce that
the initial electron is on-shell2:
0 = k2 = k20 − k2xM − k2zM , (10)
which yields
kxM =
√
k20M − k2zM . (11)
To obtain kzM , we require that the final electron is also
on-shell, yielding
0 = k′2 (12)
= (k0 − ωM )2 − k2xM − (kzM − qzM )2 (13)
= −2k0ωM + 2qzMkzM −Q2, (14)
thus
kzM =
2k0ωM +Q
2
2qzM
. (15)
Finally, substituting Equation 15 into Equation 10 yields:
kxM =
√
k20 −
(
2k0ωM +Q2
2qzM
)2
, (16)
which simplifies to
kxM =
Q
√
4k0(k0 − ωM )−Q2
2qzM
, (17)
where ωM is given in Equation 7 and qzM =
√
Q2 + ω2M .
Thus all of the four-vector components of the moving-
proton kinematics in Section 2 of the letter have been de-
rived. Substituting ~p = 0 yields the kinematics for a resting
proton.
2neglecting the electron mass
2. Experimental setup details
The kinematic settings of the 2H(~e, e′~p)n and 12C(~e, e′~p)
experiments at MAMI are listed in Tables 1 and 2. The
spectra of the vector components of the proton initial mo-
menta ~p = −~pmiss for the 2H data are shown in Figure 1.
Table 1: The kinematic settings in the 2H(~e, e′~p) experiment. The
angles and momenta represent the central values for the two spectrom-
eters: pp and θp (pe and θe) are the knocked out proton (scattered
electron) momentum and scattering angles, respectively. Also shown
are the ranges for θpq , which is the angle between ~q and ~p.
Kinematic Setup
A B D
Ebeam [MeV] 600 600 630
Q2 [GeV2] 0.40 0.40 0.18
pmiss [MeV] -80 to 75 75 to 175 -220 to -130
pe [MeV] 384 463 398
θe [deg] 82.4 73.8 49.4
pp [MeV] 668 495 665
θp [MeV] -34.7 -43.3 -39.1
θpq [deg] 0 to 180 140 to 180 0 to 45
# of events after cuts 213 k 172 k 790 k
0
10000
20000
30000 px
0
10000
20000
py
2H Set. A
2H Set. B
2H Set. D
200 100 0 100 200
p components [MeV/c]
0
20000
40000
6000
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Figure 1: The spectra of the vector components of the proton ini-
tial momentum ~p of the measured events in the MAMI 2H datasets,
assuming no FSI (~p = −~pmiss). Here, zˆ is in the direction of the mo-
mentum transfer ~q; xˆ is in the scattering plane perpendicular to zˆ;
and yˆ is perpendicular to the scattering plane.
2
Table 2: The kinematic settings in the 12C(~e, e′~p) experiment. The
angles and momenta represent the central values for the two spectrom-
eters: pp and θp (pe and θe) are the knocked out proton (scattered
electron) momentum and scattering angles, respectively. Also shown
are the ranges for θpq , which is the angle between ~q and ~p.
Kinematic Setup
A B
Ebeam [MeV] 600 600
Q2 [GeV2] 0.40 0.18
pmiss [MeV] −130 to 100 −250 to −100
pe [MeV] 385 368
θe [deg] 82.4 52.9
pp [MeV] 668 665
θp [MeV] -34.7 -37.8
θpq [deg] 0 to 180 0 to 45
# of events after cuts 1.7 M 1.1 M
3. Kinematic variables in the 12C datasets
In the 12C datasets [1], there are larger differences be-
tween the moving-proton kinematics and the measured
kinematics than those in the 2H datasets [2, 3], due to
the larger Fermi momentum in the carbon compared to the
deuteron. However, this discrepancy is still much smaller
than the discrepancy between the resting-proton and mea-
sured kinematics. This can be seen in Figure 2, which,
compares selected kinematic variables in the measured kine-
matics for the 12C datasets with those in the moving and
resting proton kinematics, similar to Fig. 2 of the letter,
which shows the 2H datasets.
4. Extraction of polarization-transfer ratios
The extraction of the polarization ratios, as presented
in the paper, are performed using the framework laid out
in [4]. We find parameters that maximize the likelihood:
maximize the fit likelihood:
L =
∑
i
[
log(1 + ~Pi · ~λi)
]
, (18)
where ~λi is the vector analyzing power of an event, deter-
mined by the secondary scattering angle, the precession and
the beam polarization [4]. ~Pi are modeled polarizations for
each event, characterized by some set of model-dependent
parameters. We employed two types of models for ~Pi, and
performed the fits separately for each bin in virtuality.
The first type of model is the same one that we used
in [3]. In this model we modeled the polarization for each
event as:
Pi =
(
fxP
1H
xi , Py, fzP
1H
zi
)
, (19)
where P
1H
xi and P
1H
zi are the free-proton polarizations calcu-
lated event by event. The free parameters of this model are
fx, Py and fz. The polarization ratios
(Px)
A
(Px)
1H
and (Px)
A
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Figure 2: Comparison of the kinematic variables measured for 12C
in [1] (x-axis) to those in the moving-proton (left) and resting-proton
(right) prescriptions (y-axis). The different colors represent differ-
ent kinematic settings. The variables, from top to bottom are the
scattered electron momentum (k′), scattered electron angle (θe), re-
coiling proton momentum (p′) and recoiling proton angle (θp). The
two angles are measured relative to the beam ~k. These variables were
selected because they are the ones that are directly measured in the
experiment.
shown in the top and middle panels of Figure 4 of the letter,
are fx and fz.
The second type of model was designed to calculate the
double ratio (Px/Pz)
A
(Px/Pz)
1H
. The modeled polarization for each
event in the second model is
Pi =
(
rm
P
1H
xi
|P 1Hi |
, Py, m
P
1H
zi
|P 1Hi |
)
, (20)
where |P 1Hi | =
√
(P
1H
xi )
2 + (P
1H
zi )
2. The free parameters of
this model are r, Py and m. The advantages to using this
model are that it obtains the double ratio directly as the
parameter r, and that it is independent of the magnitude of
the free-proton polarization. In the letter, the fitted values
for r are shown in the bottom panel of Fig. 4 and also in
Fig. 5.
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